Abstract-The control of quadrotor slung load (QSL) systems is a challenging task as a result of some distinguishing features like the multiple nonlinearities and time-varying load swing. To design an effective control scheme, the top priority is to establish an excellent model. In this paper, a practical active modeling method based on the Kalman Filter (KF) for a QSL system is developed to compensate uncertainties in system dynamics. First, a simplified quadrotor model is formulated as the reference model. Second, modeling errors are introduced and the KF is adopted to actively estimate the errors involved in the reference model. Finally, some experiments are conducted to validate the remarkable performance of the proposed modeling strategy in terms of uncertainties as well as disturbances in the dynamic model.
I. INTRODUCTION
Unmanned aerial vehicles (UAVs) with the vertical takeoff and landing capability and the hovering ability are invaluable in many applications, such as surveillance and reconnaissance [1] . With the advent of applying UAVs to cargo transportation, rotorcraft aerial manipulator systems [2] and slung load systems [3] have been receiving considerable attention from engineers as well as researchers in the area of aerial vehicle dynamics and control since last few decades.
A QSL system composed of a quadrotor carrying a suspended load is quite versatile in everyday life, ranging from log delivery missions to disaster rescues [4] . There are some distinct merits by using QSL systems to transport cargos [3] - [6] . One of the main benefits is that QSL systems are able to arrive at hard-to-reach areas like rugged terrains when compared with cranes, cars and ships. Moreover, using manned vehicles is likely to pose a great threat to the pilots' and ground crews' safety, while QSL systems can avoid these risks. Another benefit is that QSL systems do not need considering cargos' shape or size and the suspended load can be easily attached and detached without landing in comparison with other transportation mechanisms. Nevertheless, QSL systems are confronted with a wide variety of tough problems when lifting a heavy or awkward load.
Recently, numerous studies on the mathematical modeling of QSL systems have been carried out [6] - [14] . Researchers have utilized numerous different methodologies, such as Euler-Lagrange method [6] , [7] , Udwadia-Kalaba Equations [8] , [9] , Newton-Euler method [10] and Kane's method [11] . In [12] , the dynamics of a QSL system was described by a second-order model based on Euler-Lagrange method by ignoring the effects of air viscosity and considering that the movement of the quadrotor is restricted to the XZ plane, namely a planar scenario. In [13] , a study group in America obtained the mathematical model of a QSL system by combining Newton-Euler method with Euler-Lagrange equations and ignoring external disturbances or interactions, such as wind gust.
Although the mathematical models of QSL systems have been extensively studied, the detailed model, viewing from three dimension with respect to uncertain dynamics as well as external disturbances, has not been fully explored yet. Considering the fact that QSL systems are used in three dimensional situations with various disturbances, we employ a practical KF-based active modeling method to study the dynamics modeling. First, we study the modeling of the quadrotor on the basis of Newton-Euler method and the model is linear. We then introduce modeling errors and propose a KF-based active modeling method for a QSL system with respect to un-modeled parts. Experiments are conducted to show the effectiveness of the proposed modeling method in regard to the modeling errors.
The rest of this paper is organized as follows. In Section II, the simplified mathematical modeling of a quadrotor is formulated. In Section III, modeling errors are introduced and a KF-based active modeling method is proposed for a QSL system. In Section IV, experimental data is used to identify unknown parameters and validate the remarkable performance of the proposed modeling technique considering the modeling errors. In Section V, some concluding remarks, together with the future work, are briefly given.
II. DYNAMICS
The studied QSL system is based on the developed quadrotor with a cross 'X' configuration as shown in Fig. 1 . To build the mathematical model of the quadrotor, two frames are introduced, including the body-fixed reference frame and the world-fixed inertial reference frame. In this paper, we model the quadrotor by utilizing Newton-Euler method from the steering motor input to the position and attitude. Based on our previous work [3] and relate references [13] , [15] 
where R∈SO (3) is an orthonormal rotation matrix from the body-fixed reference frame to the world-fixed inertial reference frame; S(.) represents a skew-symmetric matrix transforming a vector from R 3 Euclidean space to SO (3) space; J∈R 3×3 is the inertia matrix in the body-fixed reference frame; ϑ∈R 3 represents the angular velocities including roll, pitch, yaw directions with respect to the body-fixed reference frame; M τ is the control torque generated by the actuators of the quadrotor in the body-fixed reference frame; P ∈R 3 is the position vector of quadrotor; M is the mass of quadrotor; F 1 ∈R 3 is the thrust of quadrotor; G∈R 3×3 represents the vector of gravitational acceleration. We define that cθ = cos θ, sθ = sin θ, cϕ = cos ϕ, sϕ = sin ϕ, cψ = cos ψ, sψ = sin ψ. The detailed expressions for these notations are listed as follows:
(2) where k f is the coefficient of thrust; k τ represents the coefficient about torques; l is the length between the motor to the center of gravity; f denotes the total thrust force provided by the four motors; τ ϕ , τ θ , τ ψ represent the torques for the roll, pitch, yaw angles, respectively; Ω i is the propeller rotation speed with i = 1, 2, 3, 4.
Extending the equations shown in (1), the mathematical model is listed as follows:
In this paper, the state is defined as follows:
And the output vector y is the same as x. For the purpose of simplicity, we define the following equations:
When the quadrotor is hovering, ϕ and θ tend to 0 and ψ is close to π/2. We can find that sin ϕ = ϕ, cos ϕ = 1, sin θ = θ, cos θ = 1, sin ψ = 1, cos ψ = π 2 − ψ,φ = 0, θ = 0,ψ = 0. Thus, the following equations can be yielded:
According to Eqs. (3)- (5), the state space form of the linear dynamic model can be represented as follows:
where the matrices A 0 , B 0 , K 0 , D 0 and C 0 are given by 
and C 0 is a 12 × 12 identity matrix. Remark 1: As a matter of fact, this model is just a simplified model and has ignored a large number of uncertainties and disturbances. Using the nominal model (or reference model) shown in Eq. (6) to design a model-based controller cannot guarantee excellent performance for QSL systems.
III. KF-BASED ACTIVE MODELING
This paper aims to study a QSL system, but the model in Section II only considers a quadrotor's dynamics. If we directly utilize the model shown in Eq. (6), there are a wide variety of errors. To compensate for the uncertainties and unmodeled parts in the dynamic model of the QSL system, we employ a practical KF-based active modeling method [16] , [17] .
In order to describe the disturbances caused by the slung load, we define the modeling error as [16] , [17] :
where f (t) is the modeling error;x (t) represents the real states of the QSL system; x (t) is the model states of Eq. (6). And we further assume that f (t) is driven by a white noise, i. e.,ḟ
where h (t) is a noise vector, i. e.,
Combining Eq. (6) and (7), we get the dynamics of "the real QSL system":
where w (t) is the process noise vector;ẋ (t) represents the first derivative of the real states;ỹ (t) represents the real output of the QSL system; E f is the matrix related to modeling error; and v (t) is the measurement noise vector.
In this paper, we use Kalman filter to estimate the modeling error of f (t) actively. To do this, we define the extended state as:
Then we have the discrete state-space equation of Eq. (10),
where
;
E f is the matrix related to modeling error; 0 m×n is a m × n zero matrix; I m×n is a m × n unit matrix;
k is the sampling point; and T s is the sampling time.
We further assume that w k and v k are white Gaussian noises, i. e.,
and
where E {.}, Cov(.) and V ar(.) represent related mean, covariance and variance values, respectively.
Then, the KF estimator can be expressed as follows [17] :
where Q k is the covariance matrix of the process noise w a k ; R k is the covariance matrix of the measurement noise v k ; x a k|k is the estimation of the extended statex a k ;x a k+1|k is the estimation of the extended statex a k+1 ; P k|k is the estimation of the covariance matrix P k ; and P k+1|k is the estimation of the covariance matrix P k+1 . Thus, we can get the estimations of the modeling errors and the actual states via Eq. (15).
Remark 2: As we know, a majority of researchers being addicted to the QSL systems directly focus on the mathematical modeling of the systems. In this paper, we propose a novel modeling methodology. That is, a practical KF-based active modeling method for a QSL system in three dimensional situations is proposed on the basis of the modeling of a quadrotor and parameters identification.
IV. EXPERIMENTAL RESULTS
In this section, we will identify unknown model parameters, validate the existence of modeling errors and verify the effectiveness of the proposed active modeling method on a QSL experimental platform.
A. Parameter Identification and Model Verification
In this subsection, we will identify related parameters in Eq. (6) and use experimental data to verify the identification results.
Shown in Fig. 1 , the experimental setup we use include a quadrotor with cross 'X' configuration, a Pixhawk flight controller and the Odroid-XU4. By using the quadrotor, two groups of hovering flights are conducted, in which the hovering point is set as (0, 0, 0.8). Then, one group of data is utilized for system identification, and the other group is for validation.
Least square method is used to carry out parameter identification [18] , [19] . And we can get M = 1.484 kg, g
Using the other hovering experimental data to validate our model, the results are shown in Fig. 2 . In this paper, we define the error as the absolute value of difference between the model output and the measurement data. We can yield the equations of tracking error, and its mean and variance are given as follows [20] :
where i = 1, 2, 3, · · · , N represent each sampling point, respectively, E m i is the error between the model output and the measurement data at every sampling point, y model i donates the model output, y measurementi is the measurement data,Ē m represents the error's mean and V ar m is the error's variance.
It can be seen from Fig. 2 that the results seem to go very well so far and the model output fits measurement data very nicely in terms of both position and Euler angles. More specifically, the tracking error's mean and variance of position and Euler angles are illustrated in Table I . Table I shows that the related mean and variance are close to zero. Thus, the utilized model and the obtained parameters are quite reasonable for a hovering quadrotor.
B. The Existing of Modeling Errors
Then, using two cables to attach a slung load under the quadrotor, the experimental data can be recorded. The testbed is shown in Fig. 3 . The experiment testbed consists of a QSL system, the Qualisys motion capture system, the ground control station, and a Wireless Local Area Network (WLAN). Host computer with Qualisys software provides the position and orientation of quadrotor (with marker) to the ground control station at the rate of 100 Hz. Ground control station installing Robot Operating System (ROS) Kinetic is equipped with Wi-Fi module to communicate with Odroid-XU4. Code of ground control station is written by using And the load is a bottle of mineral water. The length of each cable is 0.4m and the mass of the payload is about 499g which is unknown for the system. In this experiment, the hovering point is also set as (0, 0, 0.8). Using the experimental data to validate our model, the results are shown in Fig. 4 . The red dashdot is the nominal model output and the black dashed is the measurement. It is clear from the line graphs that the fitting degree between the nominal model output and measurement data is considerably lower than those of Fig. 2 . The tracking error's mean and variance are shown in table II, which are significantly higher than those in table I. Fig. 4 and table II illustrate that our model is not accurate because of the unmodeled parts. In other words, it is because we employ the quadrotor's model instead of the QSL system's that the model has some errors. So how to compensate for the modeling errors is quite interesting.
Remark 3: As far as we know, a large number of researchers concentrating on the QSL systems only used 1 cable to connect the payload with the quadrotor. In this paper, we propose a novel configuration and use 2 cables to attach the payload, making the payload banlanced and right be under the quadrotor.
Remark 4: It can be clearly seen from Fig. 2 that the quadrotor is hovering near point (0, 0, 0.8), and the Euler angles are nearly 0 rad, 0 rad and π/2 rad. That is to say, the hovering performance is good enough for our developed quadrotor for the reason that sensors also have errors.
C. Active Modeling Verification
To compensate for the uncertainties and un-modeled parts in the dynamic model of the QSL system shown in Fig. 3 , this subsection conducts some experiments to validate the good performance of the proposed active modeling method in Section III. And the experimental scene is the same as the last subsection. Fig. 4 shows the active modeling output (nominal model output + modeling error), the nominal model output and the It has been noted that the performances in active modeling output are better than the ones by just using nominal model. As far as the authors are concerned, it is the first time to use the experimental data of a QSL system to verify active modeling method and excellent performances are obtained.
V. CONCLUSIONS This paper has investigated the modeling of a QSL system in three dimensional situations. On the basis of Newton-Euler method, the dynamic model of a quadrotor is derived. Then, to compensate for the modeling errors, the KF-based active modeling for a QSL system has been presented in detail. According to the least square method, the parameters of the quadrotor are obtained. Experimental verifications have shown that the proposed modeling method has exhibited a strong performance against the load swing and small errors between the active modeling output and the measurement data have been ensured. The future research work on designing the control algorithm based on our active modeling method is under the authors' investigation.
